Abstract. We survey work on stability and smoothing estimates in maximum-norm for spatially semidiscrete finite element approximations of a model parabolic equation, and related such estimates for the resolvent of the corresponding discrete elliptic operator. We end with a short discussion of stability of fully discrete time stepping methods.
Introduction
Our purpose in this paper is to survey the development of stability and smoothing estimates in maximumnorm of spatially semidiscrete finite element approximations of a parabolic equation. In doing so we shall emphasize the application of the theory of analytic semigroups in Banach space to relate such estimates to maximum-norm estimates for the resolvent of the corresponding discrete elliptic operator. We also give an example of the use of such resolvent estimates in showing maximum-norm stability of fully discrete time stepping methods. For simplicity and concreteness we restrict the presentation to the model heat equation in a convex domain with smooth boundary in the plane, and to piecewise linear finite elements, even though several of the results described are valid in greater generality; we refer to the papers quoted for details.
We consider thus the initial-boundary value problem for the homogeneous heat equation, u t − ∆u = 0 in Ω, and u = 0 on ∂Ω, for t > 0, with u(·, 0) = v in Ω, (1.1) where Ω is a convex domain in R 2 with smooth boundary ∂Ω. We shall often write this problem in variational form, (u t , ϕ) + (∇u, ∇ϕ) = 0, ∀ ϕ ∈ H We define the solution operator E(t) of this problem by u(t) = E(t)v. We first recall some properties of this operator in L 2 , and begin with its stability. More precisely, E(t) is a contraction in L .
To show this we apply the standard energy argument, i.e., we set ϕ = u in (1.2) to obtain which contains the desired result. The solution operator E(t) also has the smoothing property
To sketch the proof, we formally differentiate (1.2) with respect to t, choose ϕ = u t , and multiply by t 2 to obtain
Similarly, using (1.3) in the last step,
Together these estimates show the desired result.
We shall discuss spatially semidiscrete, and briefly also fully discrete, approximations of (1.1) based on continuous, piecewise linear finite elements, defined on a family of regular triangulations T h = {τ } ofΩ into closed triangles τ , with angles bounded below; the family T h will often be assumed to be quasiuniform in the sequel. We set h = max τ ∈T h h τ , where h τ = diam (τ ), and assume that Ω h = Int τ ∈T h τ has its boundary vertices on ∂Ω. Quasiuniformity of the family {T h } then means that there is a positive c such that any τ ∈ T h contains a disk or radius ch. We associate with T h the finite dimensional space
The semidiscrete finite element problem associated with (1.1) is then to find u h (t) ∈ S h for t ≥ 0 such that
Introducing the negative definite discrete Laplacian ∆ h : S h → S h , by 5) one may write the semidiscrete problem (1.4) as
In the same way as for (1.1) we define the solution operator E h (t) of (1.4), or (1.6), by u h (t) = E h (t)v h . By the same argument as in the continuous case, we have the stability and smoothing properties in L 2 , namely
(1.7)
Such properties are useful in deriving smooth and nonsmooth data error estimates in L 2 for this problem, e.g., with v h suitable,
The proof of these results also depend on the elliptic error estimate
where the Ritz projection R h : H 1 0 → S h is defined by (∇R h v, ∇χ) = (∇v, ∇χ), ∀χ ∈ S h . We shall not further discuss error estimates below.
This survey paper is devoted to maximum-norm estimates analogous to (1.7) for the solution of the semidiscrete problem (1.4), and to the relation between such estimates and estimates in the complex plane for the resolvent of the operator −∆ h . As a preparation we consider first the case of the continuous problem (1.1). It follows immediately by the maximum-principle that the solution operator E(t) of (1.1) is a contraction in the Banach space C 0 (Ω) = {v ∈ C(Ω) : v = 0 on ∂Ω}, so that
It is a special case of a result of Stewart [18] that E(t) is an analytic semigroup on C 0 (Ω). This follows from the resolvent estimate
where δ ∈ (0, 1 2 π) is arbitrary. By semigroup theory (cf. Theorem 3.1 below) this implies the smoothing estimate
For an alternative approach to showing the analyticity of E(t), and hence (1.9), see Ouhabaz [12] .
The rest of the paper is organized as follows. In Section 2 we use a weighted norm energy technique to derive a basic maximum-norm stability estimate for (1.4) for quasiuniform triangulations, and state a corresponding smoothing estimate. In Section 3 we use the theory of analytic semigroups to relate such stability and smoothing estimates to resolvent estimates, and present more recent work for (1.4) depending on this approach. In Section 4 we discuss briefly results valid for nonquasiuniform triangulations, and finally, in Section 5, we give an example of application of a resolvent estimate in the analysis of a fully discrete scheme.
A basic maximum-norm stability estimate
We now consider basic stability and smoothing properties with respect to the maximum-norm of the solution operator E h (t) of the semidiscrete problem (1.6). We first note that a maximum-principle, or a contraction estimate analogous to (1.8),
cannot hold. This was shown by a counterexample in Thomée [19] , and in a more precise form in Thomée and Wahlbin [21] . We shall briefly give the argument of the latter paper. We define a strictly interior node of T h as one, all neighbors of which are interior nodes of T h .
Theorem 2.1. Assume that the triangulation T h has the property that each interior node has a neighbor that is strictly interior. Then the inequality (2.1) cannot hold for the solution operator E h (t) of the semidiscrete problem (1.4).
j=1 the interior nodes of T h , and
j=1 ⊂ S h the corresponding standard pyramid basis functions, we introduce the mass matrix M = (m ij ), with m ij = (Φ i , Φ j ), and the stiffness matrix S = (s ij ), with s ij = (∇Φ i , ∇Φ j ). Writing u h (t) = N h j=1 α j (t)Φ j for the solution with initial interior nodal values 1, i.e., with
If (2.1) were to hold, then for t = 0 we would have β = α ′ (0) ≤ 0, elementwise, and we shall see that this is not possible. For this purpose we note that the row sums of S corresponding to a strictly interior node P i vanishes, since
Here m ij ≥ 0, with m ij > 0 if and only if j = i or if P j is a neighbor of P i , so that P i P j is an interior edge of T h , and thus the corresponding elements β j of the nonpositive vector β have to vanish. Therefore, by our assumption on T h , we have β ≡ 0. But β cannot vanish, since, from (2.2) with t = 0, we would then have S1 = 0, whereas
One may still ask if a stability estimate of the form (2.1), but with a constant factor C > 1 in front of the norm on the right, may be valid for the discrete solution operator E h (t). A first attempt to show this was made in Schatz, Thomée and Wahlbin [16] , where such an estimate, with a logarithmic factor in the bound, was derived, for quasiuniform triangulations. This was done by a weighted norm energy technique, and since this has been a model for our later work, we sketch the proof. Theorem 2.2. Assume that the family of triangulations T h is quasiuniform. Then, for the solution operator E h (t) of (1.4), we have
Sketch of proof:
We want to demonstrate that |(E h (t)v h )(x)| ≤ Cℓ h v h C for all x ∈ Ω. For this purpose we introduce a discrete delta-function δ x h ∈ S h , defined by (δ x h , χ) = χ(x), ∀χ ∈ S h , and also a discrete fundamental solution, by Γ
For the proof of the theorem it thus suffices to show
This will be done by an energy argument, using the modified distance function ρ
so it now suffices to demonstrate that
By our definitions we have
Simple calculations show that
where in the second step we have subtracted (2.4). We now choose χ = P h (ρ 2 Γ), where P h denotes the orthogonal L 2 −projection onto S h . Then I 1 = 0. For I 2 and I 3 one may use the inverse estimate ∇χ ≤ Ch −1 χ and the superapproximation bound ∇(ρ 2 χ − P h (ρ 2 χ)) ≤ Ch( χ + ρ∇χ ), valid for χ ∈ S h , and also |∇ρ| ≤ C, to obtain
Combining this with (2.5) we find
and hence by integration,
Here, by simple energy arguments, after multiplication of (1.6) by (−∆ h ) −1 , one may show that
The function G x h ∈ S h may be thought of as a discrete Green's function, since
Hence, using the "almost Sobolev inequality" χ C ≤ Cℓ 1/2 h ∇χ , for χ ∈ S h , we obtain
h (x) ≤ Cℓ h , which yields the desired bound for the integral in the right hand side of (2.6). To complete the proof we shall show ρδ x h ≤ C. For this we shall use the following exponential decay property of the L 2 projection onto S h , which goes back to Descloux [9] , and which was shown in this form in Crouzeix and Thomée [7] . Here, for τ 0 ∈ T h , we denote by Q j (τ 0 ) the set of triangles which are "j triangles away from τ 0 ", defined by setting Q 0 (τ 0 ) = τ 0 and then, recursively, for j ≥ 1, Q j (τ 0 ) to be the union of the closed triangles τ which are not in i<j Q i (τ 0 ), but which have at least one vertex in Q j−1 (τ 0 ).
Now to bound ρδ x h , let x ∈ τ ⊂ Q j (τ 0 ). Then, for any ϕ ∈ C ∞ 0 (τ ) with ϕ = 1 we have, using Lemma 2.1,
and hence δ x h L2(τ ) ≤ Ch −1 γ j . For any y ∈ τ we also have ρ(y) ≤ C(j + 1)h and hence, since the number of triangles in Q j (τ 0 ) is bounded by C(j + 1) 2 ,
Together these estimates show (2.3) and thus the theorem.
Using the same weighted norm technique as above one may also show the following smoothing property of the discrete solution operator. Theorem 2.3. Assume that the family of triangulations T h is quasiuniform. Then we have
In Thomée and Wahlbin [20] 
Analytic semigroups and resolvent estimates
We now want to put our stability problem into an abstract framework, and consider therefore an initial-value problem in a Banach space B with norm · ,
where A is a closed, densely defined linear operator in B. This includes, e.g., the cases considered in the beginning of Section 1, where B = L 2 (Ω), A = −∆ and B = S h , A = −∆ h , with · = · L2 , but since we want to apply this to discuss maximum-norm estimates, we will be particularly interested in the cases that B = C 0 (Ω), A = −∆, and B = S h , A = −∆ h , with · = · C . We define the solution operator E(t) of (3.1) by E(t)v = u(t), and assume that this is a bounded semigroup on B, generated by −A, or E(t) = e −At . We first quote a general theorem, see Pazy [14] , Thomée [19] , which shows that the smoothing property is equivalent to a resolvent estimate.
Theorem 3.1. Assume that E(t) = e −At is a bounded semigroup on B which also has the smoothing property, so that
Then there are M ≥ 1 and δ ∈ (0, 1 2 π) such that the resolvent set ρ(A) of A containts C \ Σ δ , and
One may choose M = CK 2 , δ = 1 2 π − cK −2 , with C, c positive constants independent of K. Conversely, if the resolvent estimate (3.3) holds, with M ≥ 1, δ ∈ (0, 1 2 π), then, with, e.g., Γ = ∂Σ ψ , where ψ ∈ (δ,
defines a bounded semigroup E(t) = e −At in B, which is the solution operator of (3.1), and, with C a positive constant, independent of M and δ, E(t) ≤ CM max(1, log(1/ cos δ)) and t E ′ (t) ≤ CM/ cos δ, for t > 0.
When (3.3) holds, E(t) is, in fact, analytic as a function of t in a sector around R + , and is therefore referred to as an analytic semigroup.
We shall now apply Theorem 3.1 to discuss maximum-norm stability and smoothness properties for the solution operator E h (t) of (1.4), and related estimates for the resolvent of the discrete Laplacian. We first note that by Theorems 2.2 and 2.3, and with K = Cℓ h , the first part of Theorem 3.1 implies a resolvent estimate for −∆ h , namely
On the other hand, if this estimate holds, then the second part of Theorem 3.1, with M = Cℓ
h , implies the stability and smoothing estimates
which, however, are weaker than those of Theorems 2.2 and 2.3.
Using the same weighted norm technique as in the proofs of Theorems 2.2 and 2.3, one may also directly show he following resolvent estimate, see [19] . Theorem 3.2. Assume the family of triangulations T h is quasiuniform. Then, with ∆ h defined in (1.5),
By the second part of Theorem 3.1, this provides a new proof of Theorems 2.2 and 2.3. In Chatzipantelidis, Lazarov, Thomée and Wahlbin [3] , it was shown that the resolvent estimate (3.5) holds also when Ω is an arbitrary plane polygonal domain, not necessarily convex.
In Thomée and Wahlbin [22] it was demonstrated that the logarithmic factor in Theorems 2.2 and 2.3 may be removed; this was done first in Schatz, Thomée and Wahlbin [17] in the technically somewhat simpler case of natural (Neumann) boundary conditions, and for a more general elliptic operator. We thus have the following. Theorem 3.3. Assume that the T h form a quasiuniform family. Then, for E h (t) = e ∆ h t , we have, with C independent of h,
The proof, which is quite technical, uses a norm with a weight function depending on both x and t. In both [17] and [22] higher order elements were also covered.
By Theorem 3.1, (3.6) implies that there exists ϕ ∈ (0,
On the other hand, by the second part of Theorem 3.1, (3.7) would provide an alternative proof of Theorem 3.3. In Bakaev, Thomée and Wahlbin [1] a direct proof was given that such an estimate holds outside an arbitrary sector containing the positive real axis:
Theorem 3.4. Assume that the T h form a quasiuniform family. Then (3.7) holds for any ϕ ∈ (0, 1 2 π). The result in [1] was shown for arbitrary space dimension; in one dimension, the estimate was derived in Crouzeix, Larsson and Thomée [5] for a more general elliptic operator, and also for higher order elements. For an early result using a resolvent estimate, in one space dimension, see Wahlbin [23] .
Results for nonquasiuniform triangulations.
In all the results quoted above the family of triangulations T h was required to be quasiuniform, which is a somewhat undesirable restriction. A first attempt to weaken this requirement was made in Crouzeix and Thomée [8] , where a resolvent estimate of the desired type, with a logarithmic factor, was shown for a modified discrete Laplacian, defined by −(∆ h ψ, χ) h = (∇ψ, ∇χ), ∀ ψ, χ ∈ S h , where (·, ·) h denotes a simple quadrature approximation of the L 2 −inner product,
and for triangulations of Delaunay type. Such triangulations T h are characterized by the property that, for each pair of triangles with a common interior edge, the opposite angles α and β satisfy α + β ≤ π, and families of such T h do not need to be quasiuniform. This choice of the discrete Laplacian corresponds to the so-called lumped mass modification of the semidiscrete problem (1.4), defined by
This modification may also be expressed by saying that the mass matrix
For this problem a maximum principle holds, and the solution operatorĒ h (t) = e∆ h t is a contraction with respect to the maximum-norm, which is a result that goes back to Fujii [10] , cf. [19] .
Theorem 4.1. Assume T h is of Delaunay type. Then a maximum-principle holds for (4.2) and
It was shown in Crouzeix and Thomée [8] that this contraction semigroup is, in fact, an analytic semigroup.
Theorem 4.2.
Assume T h is of Delaunay type. Then, for∆ h defined by (4.1), and with C, c positive constants, independent of h, and h min = min τ ∈T h h τ , we have
h , where ℓ h = max(1, log(1/h min )).
The proof uses energy arguments to show first the corresponding estimate in a discrete L p norm, for large p < ∞, and then applies a local inverse estimate. In one space dimension, the corresponding result was shown in [8] , without a logarithmic factor.
It follows from the second part of Theorem 3.1 thatĒ h (t) has the smoothing property
We now turn to results for the standard finite element method in the case of nonquasiuniform triangulations, and quote the following result of Bakaev, Crouzeix and Thomée [2] . Theorem 4.3. Let Q j (τ 0 ) be as in Lemma 2.1, and let n j (τ 0 ) be the number of triangles in Q j (τ 0 ). Assume that T h satisfies, for some α ≥ 1, β ≥ 1,
Then, if α 2 βγ < 1, we have, with ∆ h defined in (1.5),
We remark that the T h are quasiuniform if α = 1, and that we may always choose β = α 4 in (4.3) if α > 1. With γ = 0.318 as in Lemma 2.1, and β = α 4 , the condition α 2 βγ < 1 holds if α < 1.21, which permits seriously nonquasiuniform families of T h . For one space dimension the corresponding result was shown in [2] , without a logarithmic factor.
The proof uses again weighted norm energy arguments, and depends essentially on the exponential decay property of the L 2 -projection P h in Lemma 2.1, which remains valid in the present situation. Lemma 2.1 was used in [7] to show the maximum-norm stability of P h under the assumption (4.3), with αβγ < 1.
Time stepping. Fully discrete schemes
In this closing section we shall see that resolvent estimates of the type quoted above may also be used in the analysis of fully discrete schemes for (1.1), obtained by time stepping in the spatially semidiscrete equation (1.4) . It is convenient to treat the time stepping in our above Banach space framework, and we consider thus an initial value problem of the form (3.1) in a Banach space B with norm · . We assume that A is a closed, densely defined linear operator, such that its resolvent satisfies (3.3) for some M ≥ 1, δ ∈ (0, 1 2 π). By Theorem 3.1, the operator −A then generates an analytic semigroup E(t) defined by (3.4) , where, e.g., Γ = ∂Σ ψ , ψ ∈ (δ, 1 2 π), which is the solution operator of (3.1).
We shall now discuss discretization in time of (3.1), where A satisfies (3.3). Letting k denote a time step and t n = nk, and letting r(λ) be a rational function which is bounded on Σ ψ with ψ ∈ (δ, 1 2 π), we define our discrete time approximation U The time discrete approximate solution of (3.1) may thus be written as U n k = E n k v. We have the following result from Crouzeix, Larsson, Piskarev and Thomée [6] , see also Palencia [13] . This is then used with R(λ) = r(kλ) n , and the resolvent estimate (3.3) is applied. Special consideration is needed with |r(∞| = 1.
As an example, for the Crank-Nicolson method for discretization in time of the spatially semidiscrete equation (1.6) in time, corresponding to using the A-stable rational function r(λ) = (1 + 
